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INTERSECTIONS OF QUASI-LOCAL DOMAINS

BY

BRUCE PREKOWITZ(l)

ABSTRACT.    Let   R =   I  I V .  be an intersection of quasi-local domains with2 n

a common quotient field   K.    Our goal is to find conditions on the   V's in order

to get some or all of   V.'s to be localizations of   R.    We show for example that if& z r

V.   is a 1-dimensional valuation domain and if   IC  73    V-), then both   1C   and   V-.

are localizations of  R = V. Cl   [/

It is well known that for any domain  R  we have  R = I I RM    where Ma ran-

ges over the maximal ideals of R.    However, if a domain  R   is represented as an

intersection of quasi-local domains we cannot conclude that the domains occurring

in the intersection are actually localizations of R.    Our purpose will be to find

some conditions sufficient to ensure that some or all of the quasi-local domains

occurring in the intersection are indeed localizations of R.

1. Preliminary remarks.   Suppose  R C  V  where  V  is a quasi-local domain

with maximal ideal M.    Then M Ci R   is called the center of V on  R.    We observe

that if P   is the center of  V  on  R, then Rp C  V.    In fact, V  is a localization of

R  if and only if  V = Rp.

We also note that if R C V ate domains with the same quotient field, then

the nonzero ideals of  V  contract to nonzero ideals of R.

All rings under consideration are commutative domains with identity. Our

terminology will be pretty much that of [1, Chapter 2, §4].

2. Finite intersections. A well-known result (see [l, p. 78] or [2, p. 38])

states that if R = V, C\  ...   O  V     where the V. 's are all valuation domains with
1 72 2

the same quotient field, and if  P.  is the center of  V . on  R, then  V ■ = R „    for
* ' 2 2 2 r j

all  z.    Our first result is a slight generalization of this theorem.   The proof, al-

though basically the same as that in [l], will be repeated in slightly more general-

ity.   First we  will need a preliminary lemma, the proof of which is found in [l].

Lemma A.    Let  x  be a unit in a quasi-local domain  V.    Then there exists an
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nteger   k (depending on   x) such that for any integer m prime to k,   1 + x +2

xm        is a unit in  V.

Proof.   See [l, p. 77].

Theorem 1.   Suppose  R = V, n   • • • D V    i"1  W  where the  V  's are valuation
r ' 1 77 z

domains and W  is a domain with a finite number of maximal ideals.   Suppose that

the  V 's and W all have the same quotient field.    Let N ,,■••, N    he the maximal

ideals of W and let  Q . = N . n R.    Then  W = Dr    ,   Rn .
' Kt 1 7=1 Q 7

Proof.   Let x £ W.    If x  is a unit of WN    choose an integer h .  as in Lemma

A.   Similarly if x  is a unit of V., choose an integer k..   Pick  ttz > 1   prime to all

the k's and h's.   Consider s = (1 +*+• •• +xm      )     •   It follows that if x £ V .  (or

W.,  )  then s  is a unit of  V.  (or  W.,   ).   If x á V ■, then  y = x~     is a nonunit of
N j i N j i ' J

V.   and  s^ym~l{l+y + ..-+ym~l)~l   is a nonunit of  V . .   Hence  s £ R-Q.

fot all f.   If x4 V., then  sx = ym ' 2 (1 + y + • • • + ym ~ fo" l €V{    If x e V. (or

WM ), then  sx £ V .  (or  Ww   ).   Thus  sx £ R, and hence  x = sx/ s £ (¡r_ . Rn  .   So
'Or l ' ... . '= i

WCll.    , Rr,   .   The reverse inclusion is immediate since  R,-,   C   W.,    for all  /.
7=1     Qj Qj -        Nj I

As a corollary we get the aforementioned result.

Corollary 2. Suppose R = V. C\ . . . n y where the V.'s are all valuation

domains with the same quotient field. Let P . be the center of V. otz R. Then

V   = Rp    for all i.
1 " i

We would naturally like to know under what additional hypotheses to Theorem

1 can we conclude that  V . = R„    fot all i.    The following result tells us that if

the   V.'s are all 1-dimensional and if the intersection is irredundant, then we have

the desired conclusion.

Theorem 3.   Let  R = V C\ W where  V  is a l-dimensional valuation domain

and W  is a domain with a finite number of maximal ideals.   Suppose that  V and

W have the same quotient field K, and that  W £ V.   Let  N.,■■■, N    be the maxi-

mal ideals of W and let  Q . = N . O  R.    Let   P   be the center of  V  on   R.    Then
~. >        '

V = Rp  and W = IT   .   Rn  .
y 1- 1       Q /

Proof.   The conclusion is trivial in the case  W = K.   So now assume that

W /  K.    That  W = il r_    Rn    is just Theorem 1.   Hence the quotient field of R
7—1       tí j

is   K.    Of course  Rp C   V  is immediate, and so we need only show that  V C  Rp.

Let x £ V.    So x = a/b   where  a, b £ R-    Now since   K   is the quotient field of  R

it follows that P, Q., ■ • ■, 0    ate all nonzero primes of  R.    So clearly we can

choose  a and  b  so that b£PCQC...CiQ.   Now choose y £ W - V.    By the

same argument as that used in the proof of Theorem 1, for   a suitable integer m >

1,   zz = (1  t- y + ■ • • + y'n ~   )~ 1   is a unit of  W'      , • • • , W\,    and  ¡z  is a nonunit of  V.

Hence  zz e P-(Q     U   ...  U Q ).   If y  is a valuation associated with  V, then the

value group of y  has an Archimedean order since V   is 1-dimensional [3, Chapter
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2],   So there exists an integer k > 0  such that  ky(u) > y(b).   Now  b + u    4

Ql  U ••• U Qf.   Thus  b/(b + uk)£RQ   n    ...   n R      = W.    Since yib + uk) =

yib),   b/ib + if)  is a unit of V.   Thus  è/(è + uk) £ R-P.    Now xb/(b + if) =

a/ib + uk) £ V  since both factors are in  V.    Since  b + uk 4 Q1 u   • • • u Q ,

a/ib + uk) £ W.    Thus  a/ib + uk) £ V n  W = R  and  hence  x 6 Rp.

Ohm's example [4, p. 330] shows that the hypothesis that W has only finitely

many maximal ideals cannot be dropped from Theorem 3. Heinzer [5] has recently

generalized Theorem 3 by replacing the requirement that W have only finitely many

maximal ideals with the hypothesis that W has a nonzero Jacobson radical. Ohm

and Heinzer show in [6] that if V is a rational valuation domain, then the conclu-

sion  V = Rp  holds with no conditions on the Jacobson radical of  W.

Remark.   Suppose  R - V. Ci   • • •   C   V     where the V.'s are quasi-local do-

mains.   Let  P.  be the center of  V .  on  R.    Then  P,u    • ■ ■   U P    = the set of non-
2 Z 1 72

units of  R.    Thus any maximal ideal of  R   must be equal to one of the P  's, and

hence  R  has at most n  maximal ¡deals.

Let  R =   fl . V  .   We  say  the   intersection is irredundant it tot all j el  we

have    0,1.1 V.g  V..

Corollary 4.   Suppose  R = V. O   • • ■   O  V    Ci   W  is an irredundant intersection

where the  V As are 1-dimensional valuation domains and W  is a domain with a
1

finite number of maximal ideals.   Suppose that the V 's and W all have the same

quotient field.   Let  P . be the center of V . on  R.    Let N ,,•••, N    be the maximal
1 ' l '        l \ r

ideals of W and let Q . = N . n  R.    Then  V. = RD    for 1 =1, 2, ■ ■ ■, n  and W =
• 11 l " i

n5.1V

Proof.   W = Dr    ,R„    follows from Theorem 1.   R = V. Ci (H ■       V. Ci  W)
■ 7=     Qi r\ r\        ' > ? >   >

is an irredundant intersection and   ||.       . V ■ Cl  W =  I I . /   .  V ■ O WK,    Ci   ...
J f l     J let] N 1

Cl   WN    has  only finitely many maximal ideals.   Thus   V■ = Rp    follows from
/v 7 l ^ i

Theorem 3.

3.  General intersections.   A number of results in [l] come under the assump-

tion that certain quasi-local domains occurring in a particular intersection are

either valuation or 1-dimensional.   In an attempt to unify and generalize some of

these results, we make the following definition.   A domain  V  is called an LS fl?o-

7?Z£7Z72 (linear spectrum) if the prime ideals of V are linearly ordered by inclusion.

We note the following characterization of LS-domains.

Proposition 5.   77¿e following are equivalent for a domain  R:

(i)   R  is an LS-domain.

(ii)   Every radical ideal of R  is prime.

(iii)   If a, be R, then there exists an integer m > 0 such that a  divides  bm

or  b  divides  am.
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Proof,   (i) =» (ü).   Let  /  be a radical ideal of  R.    So  / = il Px where P\

ranges over the primes of  R   which contain  /.    But since  \P ^\  is a chain of

primes, Il P x is prime.

(ii)=> (iii).   A (a) n \f fo) = P  is a radical ideal of R  and is therefore prime.

But then fofo)  and \Jfo)  must be comparable.   Suppose  y'fo) Ç   fofo).   Then   a£

yj fo)  and so there exists an integer  m > 0  such that  am £ fo).

(iii)=> (i).   Suppose that the primes of  R  are not totally ordered.   So there

exists  P  and  Q  primes of  R   such that  P <¿   0  and Q </  F'.    Pick x£ P-Q  and

y £ Q-P.    By (iii) there exists  m > 0  such that xm £ (y) C   Q  or ym £ (x) C   P.

So x £ Q  or y e P, a contradiction.

Suppose  R =  f I V    is an intersection of quasi-local domains all with the

same quotient field  K.   We say the intersection is locally finite if, for any  0 /

x £ R,   x  is a unit in all but finitely many of the Vs.   We say the intersection is

strongly locally finite if, for any  0 / x £ K,   x  is a unit in all but finitely many

of the Vs.

Observation.   Suppose  R =  I IV.  is a locally finite intersection of quasi-

local domains lying between  R  and its quotient field   K.    Then if 0 / x £ K, we

can write x = a/b  where a, b £ R-\Q\.   Then the only  V's in which x  is not a

unit are those in which either a  or  b  is a nonunit.   There are only finitely many

such  V .'s by our local finiteness assumption.   Hence the intersection is strongly

locally finite.   Thus we see that if R  has the same quotient field as the V's

then local finiteness is equivalent to strong local finiteness.   We also note that

trivially any finite intersection is strongly locally finite.

The following theorem generalizes a theorem in [l, p. 80] and a lemma of

Griffin [7, p. 721].

Theorem 6.   Suppose  R = f I V ■  is a strongly locally finite intersection of

LS-domains all with the same quotient field K.    Let S  be a multiplicatively

closed subset of P-|0¡.   In   V.  let N . he the prime maximal with respect to ex-

clusion of S.    Then  R „ = I I V .    , and this is a strongly locally finite intersection
i

of LS-domains all with quotient field   K.

Proof.   That  V.       is an LS-domain with quotient field  K  is obvious.   Since

'N'' - r\
N . n S = 0 ,   S  consists of units in  V .     .   Hence  Rr C (l V .     .   To show the

i iNj S - iN¿

reverse inclusion, let xe I I V.     .   Since x £ K,   x  is in all but finitely many of

the   V 's, say x 4 V ,. • ■ • .  V   .   Since  x e V,       , x = a/b  where  a, b   £ V,,   b 4
i    '      J \ n l/y.' 1

N   .   Of course  b  is a nonunit of  V,   since x 4 V..   Let  P = \J fo) = the inter-

section of those primes of  V.   which contain  b.    P   is prime by Proposition 5.

Claim  P n S /   0.    If not, then  PC   N.   which is maximal with respect to ex-

clusion of X.    But then  b £ P C   N.   contrary to our condition  b 4 N..   So let
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/1 e P Cl S C \/ (è).   Now there exists an integer n > 0  such that /"/è e V v   Let

s . = /" £ 5.    So  s ,x = /"/¿> • a £ V,.   In like manner choose  s,, • • • , s    e 5 such
11 II 1 Z 72

that  s .x e V ..   Then s = s, s,• • • s   £ S and we have  sx £ V, C • • ■   n V  .   But
7 7 1       2 72 1 72

since   x £ (|  . V7. we get sx e (]. V . = R.    So  x = sx/ s e R c.   That the new
i  > n    i b it z>

intersection is strongly locally finite is obvious since  V . C  V .      for all   i and&   Z 1 j   _ 2^ .

since  R = I IV. is strongly locally finite.

Theorem 7.    Suppose that  R = I IV .  zs 27 locally finite intersection of LS-do-

mains between  R and its quotient field  K.    Let   P. be the center of V. on  R

and let  \M.    \  be the chain of nonzero primes of  V ..    Let   P.     = M .     Ci P.    Sup-
ly ' r ' I ly l y r

pose that for some fixed j we have   P.    </  P ■ for all i     such that  i 4 j-    Then
iy —       7 r

V;=RPj.

Proof.    By Theorem 6, Rp , =>  >V¿N    where   N . is maximal in   V. with respect

to exclusion of  R-P ..   Eliminating obviously redundant copies of  K from this

intersection   we have   R D   = ILV,        where  k ranges over T = {z | N . 4  (0)i. Now
i r      Nk .

if   k eT, we have  N   V        n  R „   =   QP p    where  0   is some prime of  R contained
fefe/v^ r j r j —

in  P..    Since  N,   4 (o) we  have  N,   n   R =  some   P,     .   So  [ÍN, V.       Ci   V,)n
7 k k ky k     ze/y, Ze

R] = Nk Ci R = some   Pfe    =QRpClR = OCP..   Consequently some   P k    Ç P.

and hence  ze = / by hypothesis.   So  r = \i\ and  R „   = V.      = V..

Corollary 8. Suppose R = I I V. is a locally finite intersection of 1-dimen-

sional quasi-local domains between R and its quotient field K. Let P. be the

center of V . on  R.    Suppose   P./   F. for all pairs  i, j with  i 4 /•    Then  V.=

R p    for a II  i.
i

An example by Graham Evans [l, p. 78] shows that the incomparability as-

sumption in Corollary 8 cannot be dropped.

Proposition 9.    Suppose  R =  II V.  is an intersection of quasi-local domains

all with quotient field K.    Let   P. be the center of V . on  R.    If for some  j,   Rp

is a valuation domain with quotient field K, then  V. = R
P

Proof.    Of course  Rp   C   V . C  K and since  Rp    is a valuation domain it
i i i

follows that V .  is a localization of R „  .   Hence   V. is a localization of  R  and
7 Pj 1

so   V.= R,
7;       'P.

Theorem  10.    Suppose  R =   \\V.isa locally finite intersection of valuation

domains lying between  R and its quotient field  K.    Let   P. be the center of V.

on R.    If, for some j, rk (P.) = 1, then   V. = R p  .
1 1 r j

Proof.    By Theorem 6,  Rp . = I I V.      where   N:  is maximal in   V. with re-
. '       .       'Ni '

spect to exclusion of R-P..   Eliminating the obviously redundant copies of  K
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we have   Rp   =  fLv .       where  F = \i I N . /  (0)\.   If k £ F, then  N, V,       n R p   =
r j i     z/v . i Te     kN^ rj

OR p.  fot some prime of  R,   g C  P..    ButO = Ntn  fo  (0) since  Nfc ¡¿  (0). Hence

O = P ..   Now if  0/ x £ P ., then  x  is a nonunit of  V, for all  Te e T and thus
> t kNy

T must be finite.   So  Rp   = V,       D  ...  C V        .By Corollary 2, R p   = V,
pi        In,   | "zV„       ' y    '     Pj        kNk

holds for each  k £ V.   Hence   R p    isa valuation domain and thus   V. = R p    by
i ' i

Proposition 9.

If under the hypotheses of Theorem 10, V.  is a rational valuation domain and

is irredundant in the intersection, then by the aforementioned result of Heinzer

and Ohm [6], V. = R p  .   This is essentially a result due to Krull [l, p. 8l], at
;

least when all of the V.'s are rational valuation domains.    In Ohm's example L4,

p. 330] we see that under the hypotheses of Theorem 10, if rk (P . ) = 2, then   V . =

Rp    need not hold even if  V. is irredundant in the intersection.
; i .

if we weaken the hypotheses of Theorem 10 so as to only require that the

V. 's be LS-domains, we get a similar result for those   V. 's which are not redun-

dant in the intersection.    First we note a proposition which allows us to refine a

redundant intersection to an irredundant one.

Proposition   11.    Suppose   R =  \  | .    „ V.  is a locally finite intersection of

quasi-local domains between  R  and its quotient field K.    Then  R = M   .     * V.

is an irredundant intersection for some  F*C T.

Proof.    Let  a = ilfoC V \ R = f I .     „   V.l.    o is partially ordered by inclu-

sion.   Suppose  IT    j  is a chain in o.   Claim:   V =  I IT      £ o.    Then Zorn's
I c- i

lemma is applicable and a minimal element  T* in  ^  will clearly satisfy our re-

quirements.   To verify our claim, we must show that  I VpV . = R.    Clearly  R C

IV V..   Suppose  x £ K,   x / R.    Since the intersection is actually strongly locally

finite   it  follows  that  x  is   in  all  but  finitely many of the   V.'s.   Say   V v ■■• ,

V ate exactly those   V.'s  which exclude  x.    Clearly for some   1 < k < n  we
n J i ' —      —

have  k £ r„.  for all /.    If not, there exists  Yv.,   .   not containing  k  fot each

1 < k < n.    Then Tv.   = minirv..   . S does not contain any  k  such that   1 < k <
^J0 7 ̂ k1

22.    So we have x £> I rv.   V . = R, a contradiction.   Hence for some  k  such that
_70      '

1 < k < ?z  we have  k£ V =   C\TV , and so  x4    C\V..   Thus   (~)fV. C R.

Theorem  12.    Suppose   R = ||  V.  is a locally finite intersection of LS-domains

between  R  and its quotient field.   Suppose   V . is a l-dimensional valuation do-

main such that   (1 „    j . i V . (/  V ..    Let   P . be the center of  V . on  R.    If  P .
r-IMz-7 1 '        1 '        1

has rank = 1, then   V . = R „ .
i Pj

Proof.    By Theorem 6, R n    =\ I   V .       where  N . is maximal in   V. with re-
' p7 r  z/v- i i

spect to exclusion of  R-P..   Of course   V.      = V.   By hypothesis  V ./>



INTERSECTIONS OF QUASI-LOCAL DOMAINS 335

n,  ,   V.  and so  V.     = V ./> O     t  z V.     .By Proposition   11 we can find  T*C
r—1/1     « JNj      i-    V-lyS   'N;       '      *

V such that  R n   = fin* V.       is an irredundant, locally finite intersection; of
Pj r IN; '

course  j£ V*.   Since  rk(P.)=l  we have  N . V .      Ci  R „   = P . R „    for all  ieT *.' 1 '     ZN¿ pj 1     pj

(This contraction is /  (0) since  Rp    has quotient field  K and  N . 4  (0).)   By
i '

local finiteness, there can be only finitely many elements in T*.   So we can write

R_  = V.n iV,       n ...   n y      ) where  v,      n   ...   n v       t   V..   But  V,
pi 1 lNx 'N, !Ni tNt-        J 1Ni

Cl   ...   Cl  y        has only finitely many maximal ideals, and so by Theorem 3, V. =

Suppose that  R = V.  Cl • ■ •   Cl  y    where the  V. 's are quasi-local domains.

Let   P. be the center of  V. on  R  and suppose that   V. = Rp    for all  i.   If A/ is

prime in    R, then  NC   PjU • • •   U P^; and hence  /V C  Pfe  for some  ze.    So  /VRp

is prime  in   V,   and  A/R p    Pi R = N.    Consequently any prime of  R  is the contrac-

tion of a prime of one of the   V. 's.   The following theorem gives us a condition

sufficient   to ensure that this will be the case even if  V. = R „    does not hold for
2 P;

all i.

Theorem 13.    Suppose  R = V, <"• • ■ ■   Ci  y    where the   V As are LS-domainsr ' 1 TZ 2

all with quotient field K.    Let   P  be prime m  R.    Then  P = N Ci R  for  N prime

in some   V ..
Z

Proof.    By Theorem 6, R n = V ,       ft  • • ■    ^ V where  A/, is maximal in3 p 'Ni "N„ «

V. with respect to disjointness from  R-P.    Let  Q . = zV. Ci R C  P.    Now   PRp =

(N , V ,       n  R „) U •. • U (/V   V O  R „) =  the set of nonunits of  R „.   Inter-
v       I        1/V. f7y v      72       72/y P F

secting both sides with  R  yields   P = Q   U  • • •  U 0 .    Hence   P = 0. fot some  i.

Theorem 14.   Suppose  R =  I I V.  is a strongly locally finite intersection of

LS-domains all with the same quotient field K.    Let   P  be a rank 1 prime of R.

Then  P = N O R  for N prime in some   V ..

Proof.    Once again Theorem 6 is applicable and we have  Rp = ilV.       where

N . is maximal in   V. with respect to excluding  R-P.    So for each  i we have

(0) Ç   zV7. Ç  P.    Suppose  AC O R = (0) for all  ¿.  Then Theorem 6 tells us that

P mt= \\V ■      = R n  a contradiction, since  rk(P)= 1.    Thus for some   i  we have
(0) 2/y. P ' >   '

(0) ¡¿  N . n r'c  P  and so  N. D R= P.V ' Í — 2

4.   Some counterexamples.   Suppose we are given  R = V Ci W  where   V  and

W are quasi-local domains with the same quotient field.   Let   P  and  Q be the

centers of  V and  If on  R  respectively.   If  V is a valuation domain, then  W =

Rq by Theorem 1.   If the intersection is irredundant and if  V  is a 1-dimensional

valuation domain, we also have   V = Rp  by Theorem 3.   In the following example

V is a 2-dimensional valuation domain and  W is a 3-dimensional regular local
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ring.   Here we have   V /  R p; and thus we see that the hypothesis of 1-dimension-

ality in Theorem 3 is essential.

Our first example is a generalization due to Stephen McAdam of one of my

examples.    As an application, I will give the details of my original example.

Example  1.   Let  T be a domain with prime ideals   Q, M, N such that  Q C

M n N,   M Çf N, N / M, and such that  T—   is not a valuation domain.   Let   V  be

a valuation overring of  T with primes    M  and  0  lying over  M  and  Q respectively

and with  M  maximal in   V [2, p. 37].   Let  R = V n T-  and let   P = M f"l R.    We

will show that   V /  R p.

Claim     Q T-ß C P :   Let x £ Q T-^ .   So x = zj/s  where g 6 Q,  s £ T - N.    Sup-

pose  s/q £ V.    Then s6t7VriTCgriT=g   C   N, a contradiction.   Thus  s/q 4

V and so q/s £ M  since   V  is a valuation domain.   Hence  Q T- Ç   Mn   T jj =

M n R = P.    In particular we may view  g T—   as a prime ideal in  R  as well as in

T-.
N

Now by Theorem 1, T— = T -     -       .   Thus
N (NTNnR)

T- = (T-) - =[R - ] -        = R - 2  Rp-
Q N  (QT-) (NT-nR) (QT-) (QT-)

N N N N

But  T—  is not a valuation domain and hence neither is   R p.   Consequently  Rp/

V.

Let ze be a field and let x, y, z be algebraically independent over k.   Let R denote

the additive group of reals.   Consider the valuation y on k(x, y, z) given by

(i)   y (a) = (0, 0) for all  0 / a £ k,

(ii)   y(x) = {„, 0),

(iii)   y(y) = (1, 0),

(iv)    yfo) = (0,  1),

where the value group is a subgroup of  RxR   lexicographically ordered, i.e.,

(a, b) > (c, d) if and only if either a > c  or a = c  and b > d.    Since the values of

x, y, and  z  ate linearly independent over Z, our valuation is well defined on

k(x, y, z).   Now in Example  1, let   V = \r £ k{x, y, z)\ y(r) >  (0, 0)|-    Let   T =

k[x, y, z],   Q = (x, y)T,   M = (x, y, z)T,   N = (x, y, z + 1)T.   So   V is a 2-dimen-

sional valuation domain and   W = Tt,  is a 3-dimensional regular local ring.   Since

x/y £ V-W and   l/z £ W-V,   R = V O U'  is an irredundant intersection.

Suppose that   R = V O W is an irredundant intersection of quasi-local do-

mains, and that we have   V=Rp,   W = RN where   P  and  N ate the centers of  V

and  W on  R  respectively.   Then certainly   P  and  zV  are not comparable.   In

Example    1, P  is the center of  V on  R  and  N = N Tt\ C\ R   is the center of  If =

Tt, on  R.    But z £ P-N and z + 1 £ N-P and hence   P  and  N ate not compara-

ble.   Thus we also see by Example 1 that incomparability of   P  and  N  is not

sufficient to ensure that   V = Rp  and  W = RN-
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Theorems 1 and 7 both give one sided results and can be combined to give

the following:

Corollary 15.   Suppose  R - V Cl  W is an irredundant intersection of quasi-

local domains with the same quotient field.    Let   P and 0  be the centers of  V

and  W on  R  respectively.    Suppose that   V  is a valuation domain, W  is one-di-

mensional, and 0 </.  P.    Then   V = Rp and W = Rn.

In Example 2 we will show that the hypothesis   0 f.  P is essential in this

corollary.   In this example   V  is a 2-dimensional valuation domain and  W is a

one-dimensional quasi-local domain.    V C W = R   is irredundant but  Q C  P  and

V4 Rp.

Before giving the details of this example we will define and verify some

known facts about a certain class of domains.

Suppose   R   is a domain contained in a field   K.    We define the composite

power series ring [[R,  K))  as:   [[R,  K)) = \f £ K[[x]]| the constant term of / lies

in  R\.    [[R,  K))  is a domain with quotient field   K((x)).    If /   is an ideal in   R,

by a slight abuse of notation we let  [[/,  K)) = \f £ R[[x]]| the constant term of /

lies in  J\.    Clearly  [[/,  K))  is an ideal of [[R,  K)).   Furthermore, if  P   is prime

in   R, then  [[P,  K))  is prime in  [[R,  K)).   We will show that all of the nonzero

primes of [[R,  K))  are gotten in this way.

Proposition  16.    Let  ,K = [[R,  K))  be a composite power series ring in the

variable x  and let  (0) /  J   be prime in  ,'i\.    Then

(a) xe?,

(b) ax £ 9 for all a £ K,

(c) [[(0), K)) Ç f,

(d) [[P,  K)) = 9  where   P = 9 n R.

Proof,   (a)   Let  0 / f £ 9.   So f = x" (a    + a   x + a x2 + ■ ■ ■ ) where  a .e K,

a    4  0, and  n  is a nonnegative integer.   Now  a~     x e 'K  and so  (a~  x) f =

xn + *(l +■ a~lalX f • ■ ■ )e 9.   Now  (1 + a-'zj.x + ■ •• )  is a unit of 'R.   Soi"*1

6 J   and hence  x e J.

(b) Since  x £ 9  and  z72xe'R  we have  x (a2x) = (ax)2 e 9.    Thus  ax e 9.

(c) Let f = axx + a2x2+ ■ ■ ■   + a.x' + ■ ■ ■  6 [[(0), K)).   So f = a]X +

x(ax + ax   +■••).   The first term is in  j   by (b) and the second term is in  J

by (a).

(d) Let / = aQ + a, x + ■ ••  e 9.   So f-aQ£ [[(0), K)) C 9  and hence  aQ £ 9

n   R = P.    Therefore  9 C [[P,  K)).   Conversely if/=iz0 + a1x + ---   £ [[P,  K)),

then /-«0£ [[(0), K)) Ç 9  and  <7Qe P Ç 9.   Thus  /= (/-«n) + aQ £ 9  and so

[[p. k)) ç y.
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Consequently the primes of 'K  are  (0) and the  [[P,  K)) where   P  ranges over

the primes of  R.

Proposition 17.    // R   is an n-dimensional LS-domain and K is any field con-

taining  R, then \±R,  K))  is an fo + l)-dimensional LS-domain.

Proof.    If  (0)C Pj C P2 C ••■   C Pn  ate the primes of  R, then  (0) C [[(0), K))

C [[Pj, K))C • • •   C [[Pn,  K))  are the primes of [[R,  K)).

Proposition 18.    [[R,  K))  is, a valuation domain if and only if R   is a valuation

domain with quotient field  K.

Proof.    Suppose  LL^>  K))  is a valuation domain.   Let the quotient field of  R

be  k C  K.    Suppose  0 / y £ K C  K((x)) = quotient field of Uli,  K)).    Then either

y  or y~ l  lies in  [[/?,  K)).   So  y  or y~ '   lies in  LLR,  K)) n K = R.    Thus   R   is a

valuation domain with quotient field  K.

Conversely suppose that  R  is a valuation domain with quotient field  K.    Con-

sider  0 / f £ K({x)).   So / = x" («„ + a x + ■ • •   + a .x' + •••)  where  a . e K,   «0 ;=

0,  n £ Z.   Now /_1 = x~"(ti70+è1x + --- + è.xV • • • )  where  è. t K.

(i)   If zz > 0, then / e [[R,  K)).

(ii)   If 72 < 0, then f1 eLLR,  K)).

(iii)   If T2 = 0, then either a.£R  in which case f £ \j_R, K))  or  b ̂  = a ~    £ R

in which case  /"    £ [[R,  K)).   Hence in any case we have  / or / ~     lies in

[[R,  K))  and thus  L[R.  K))  is a valuation domain.

Example 2.    Let  A be a field and let y  be an indeterminant.   So  T = zé [[y]]

is a discrete valuation ring with quotient field  L = k((y)).    Let   K = ze(y).   Con-

sider the following composite power series rings in the variable x: V = [[T,  L))

and  W = [[K,  L)).    By our last two propositions, we see that   V is a 2-dimensional

valuation domain with quotient field  L ((x)), and that  W is a one-dimensional

quasi-local domain with quotient field  L ((x)).   Since   T and  K ate incomparable

rings, it follows that   V and   W ate also incomparable.   Hence  R = V Ci W is an

irredundant intersection.   Let  M = yT = the maximal ideal of  T.    Then  M =

[[M,  L))  is the maximal ideal of   V.    N = [[(0), L))  is the maximal ideal of  W.    So

P = M n R = [[M n K,  D)  and  g = N D ß = LL(0),  L)).   Since  g C P  it follows

that  Rp C   RQ = U;  by Theorem 1.   Since   V (2/  W  we have   V /  R p.
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